BAE1KTF & Dudeney 4

A 1EF & Dudeney £&
IR LY | REERE, ELET, PAEME

Black 1-factors and Dudeney sets
Midori KOBAYASHI, Nobuaki MUTO, KIYASU-Zen'’iti and Gisaku NAKAMURA

Dedicated to Professor M.Otsubo on the occasion of his retirement.

ABSTRACT

A set of Hamilton cycles in the complete graph K, is called a [double] Dudeney
set, if every path of length two lies on exactly one [two] of the cycles. It has been
conjectured that there is a Dudeney set for every complete graph. It is known that
there exists a Dudeney set of K,, when n is even, but it is still unsettled when n is odd.

In this paper, we define a black 1-factor and we show that if there exists a black
1-factor of K,, we can construct a Dudeney set of K, ;1. Furthermore, we extend it to
a double Dudeney set.

1. [EL®IC

Kn= Vo, E,) % n BOERELOREES T 745, K, OEED 2-path (X 2 D
path) &6 x 5 £ 1 [Bl9-0& ¢ Hamilton cycle DEA% K, ® Dudeney £& &9, T
TP Ky, (X LT Dudeney 6 23 5 E88% Dudeney DM ERERE & FEA TS,

n PMEED & & D Dudeney EETIBEITER SN TWB (3], n 3D & & D Dudeney
ROV, BEXTIEBRINTHBEDNE, DFMCn=p+2 (p IIHFEHKT 2 IR
RIR) DL & & (1, n=2°4+1 (e IXBRE) DL X 4 DATHS.

ZOMXTIL, p PREEDEE, Kppy ORBIRTEZEEL, ThEHAWT Kyp2 O
Dudeney £EDPMERTEDZ L &Y. €oT, BAIRTEERTHI LN Koy DFA
? Dudeney DM EREZAFR T 27D DEERGEL 1250, 2L Ea—F TRAZER, T
NTORFIH UTREVRFHFET D LR O RNZ e ahot. Bl RTFAEET
DTODRE p DHEMRR, TFET DL EDTOBBEC OV TIIRMBRTHS. SbiT, =
HEHDudeney £E X T 5720, BEAIETLZILHET 5.

2. BB5 LR
n=p+1l,r=(p—-1)/2 B, I TplIHFEK>5¢75. K, © HEEL%

V,={o0}U{0,1,2,---,p—1}
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EBE, 1R+ F (0<i<p-1) %
F; = {{o0,i}}U{{a,b} € E, | a,b# 00,a+ b= 2i (mod p)}

LEET . |

HRDERE 0= (00)(0123 --- p—1) LEEL, T=<0 > £B<. cycle ® circuit
DERECIZHLT, 2C={c!C|0<t<p-1,CeC} LEDS.

{1,2,3,---,p—1} OEREE H B, HU(-H)={1,2,3,---,p—1}, |H|=(p-1)/2 %
Wi’z 9L %, H X mod p @ half-set THBH L. E<HMBENTVWBELSIZ, mod p DIE
BO half-set H I LT, S{RUF, |i€ H} X K, ® Dudeney £ATh 5.

EBEDKL {a,b} € K, LT, BORE d(a,b) ZRDE D IZEET 5.

dap)= | mn{p=lb—allb-al}  (ab#oo DL
| (ZDMD L %)

£, KO c(a,b) ZIRD X I IZEHETS.
c(a,b)=1 ({a,b}e FOrE (0<i<p-—-1))

BLj0<i<p-1)Ni=j7FFi+ij=p BWTLE, i & jIIRMETHS LV
i~ EEL.

EL BORSIT 00,1,2,...,r O r+ 1 FEH BOGIX0,1,2,...,p— 1 ® p FEHE, FME
TRVEIT 0,1 (0 1), 2 (F21X -2), ..., r (¥720E —r) D r+ 1 BED 5.

#2. F (0<i<p-1)1% FEEOE,ILRE1EFTHS. B 0IXAEL, B %
BE1EFERESZERDB.

n=n+l=p4+2 LEX, K, = (Vn/,Eni), Vi = VnU{a} E3B. 0 B Vy OFEHR
o= (co)(a@)(0123 --- p—1) ITIFEL TEXL. '

3. Bt 1 BF

3.1 E& K, © 1E¥ Bi¥ KkOZMEfmcte *BGE 1 K7 LHEINS.
(1) Fo U B X Hamilton cycle T 5. ‘

(2) BIIZ2TDRE (00,1,2,...,7) BF-.

(3) B1Z 0 LA DETORIETRVWVELZRE-D,

B IZEENDHE e1 = {21, 11}, 62 = {T2, 12}, €r = {20, Un}, €1 = {Trg1, Yrga} &
L, TNDDEENEIZ i1,d2, -+, ir irp1 ET5. BIIr+1 XHBD, GAIXr A THEIND,
RICROEDR 2 K55, TOKE e erq1 & LTH—MEREDRV. $72bb, i ~v i
£95%. ' :

H = {iy,ig, -, i} LS. H iLhalf-set THDHMH,

C={RUF, |1<s<r}
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LB EE, XC X K, ® Dudeney £& & 725,
B ODBHIZ o EALTTE B K,y O (path) DEA% B> LEL. TR2bb,

B* ={(zs,0,9:) | 1< s <r+1}
LF B, DIT, (e,0,0s) = (us, 0, 2,) EBIEE. SBIT
B* = Fy U B"
L3<. B K,y @ circuit Th 5.

3.2 Ml X(CU{B*}) X K, DEED 2-path 51 5 £ 1 BT OFTe.

S K, O 2-path % KD 8 BT S, 22T, abc#ooa &5
(i) (a, b, ¢), (ii) (a, 00, b), (iii) (0o, a,b), (iv) (a, a, b), (v) (e, a,b), (vi) (a, 00, a), (vii) (e, a, 00),
(viii) (o0, @, a).

ZDob, (i), (i), (iii) X K, @ 2-path TEHBDT, IC IZHENTWA. LLF, (iv),
(v), (vi), (vii), (viil) DFEED (B>} ILEEND Z L ZTT. :

(iv) BII2TOESRFE-ZL LY, SB=E,. X-T, 2-path (a,a,b) IX £{B*} &
Ehb.

(v) {a,b} IZ o ZAAIEIIMEREET Iy CEENDHLICTHIENTED (Fp 1 IETOD
RIZFOZLLY). £oT {a,b} € Fp LIRELT—MELZ KD, (0ya,0) & (a,b,0)
H Bx (BT 5.

(vi), (vii) [ERIZ, a=0 & LT—MMEZ KDV, £DL & 2-path (a,00,0) , (¢,0,00)
B BT 5. |

(vil)) FIERIZ, of{c0,a} = {o0,b} € B & T& 3. TDL X 2-path (00,a,b) 1L B IZRE
T 5. O

1<s<r+1Z2NTC, Ke,={z,,y:} 1L F,, ITETSH. £ZT, 1<s<7rIZONT
F, = F, \{{zs, 4} U {{zs, 0}, {0, ys}}
EEETD. ¥
B = {{z1,y1}, -+, {zr, 90}, {2rt1, 0}, {@, yry1}}
LB

C % cycle £721X circuit DEAD L &, C IZEENS 2-path £EFILRHEE%E #n(C)
& &L,
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83 @& n({FRUF, |1<s<rtU{RUB})=r{FUF, |1<s<r}U{FUB}).
AEA  (Uics<rFi) UB* & (Ui<o< F))U B BT BREOERNE LW L LV EX .
34 EE H=X{FRUF, |1<s<r}U{FRUB'Y}) X K, @ Dudeney £&Th%.

A AnRE 3.2,3.3 £V, HIX K. OFEE®D 2-path 51 9 & 1 BEFoET. £, H
DHEEFRH Hamilton cycle THDZ LIIHALNTHD. BT H X Ky @ Dudeney £4T
HB. 0

ULET, K, IZRE 1 RFRHFETIL K,y @ Dudeney £8RR IS Z L AVREN
7o. BFEHEp KL, BAIRFRFEETINE I NEaL Va—Z I LY AR ERIC
AT BEIRTFRIHETIUL, Thi B B, iBA<i<p-1)II&TRLR3EMA]
K+Th5s. 1#>7T, {00,1} ORKEFFOBREAEIEFIZREL TEEL, $EIIp- 11515

ZEICR VRO,

p=5 7L
p=T7 ME1x61E
0-3, length=3, colour = -2
4-—2, length =2, colour = 3
5—6, length=1, colour =2
1-o00, length =00, colour=1
p=11 7L
p=13 7L
p=17 ¥ 21 x 16 {&
0-3, length =3, colour = -7
'14—-13, length=1, colour =5
4 -9, length =5,  colour = —2
8—15, length=7 colour =3
2 -6, length =4, colour = 4
11-5, length =6, colour =8
12 -10, length =2, colour = —6
7—16, length =8, colour =3
1—o00, length =00, colour =1
p=19 7L

p=23 ¥k 538 x 22 f&



0-3, length= 3,
20 -8, length= 11,
15-9, length= 6,
14 — 18, length= 4,
5-—10, length=5,
13—-6, length=7,
17— 16, length=1,
7—21, length=29,
24, length= 2,
19—-11, length= 8,
12 — 22, length= 10,
1—-o00, length = oo,
p=29 2L
p=31 MRECRH (FHERMAEADR D)
0-3, length = 3,
28 — 11, length = 14,
20 —24, length =4,
7—12, length =5,
19 - 27, length =8,
4-2, length = 2,
29 -9, length =11,
22 — 10, length = 12,
21 — 14, length =7,
17 —-23, length =6,
8 —18, length = 10,
13 — 26, length = 13,
5 —6, length = 1,
25—16, length =9,
15 - 30, length = 15,
1—o00, length = o0,

colour = —10
colour = —9
colour = —11
colour = -7
colour = —4
colour = —2
colour =
colour = —9
colour = 3
colour = —8
colour = —6
colour = 1
colour = —14
colour =
colour = —9
colour = —6
colour = —8
colour = 3
colour = —12
colour = —15
colour = 2
colour = —11
colour = 13
colour = 4
colour = —10
colour = 5
colour = 7
colour = 1

Bl p=Tn=p+1=8n'=p+2=9D,x, LOHERLY,

B = {{OO, l}a {5’ ﬁ}a {2: 4}’ {0’ 3}}
ITBRA 1 BFThS. H=1{1,23} LRDS.

B* = {(0, a, 1), (5,,6), (2,a,4),(0,a, 3)}

BE1KETF & Dudeney £4
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THY,
Fll = {{007 a}, {07 1}7 {07 2}7 {6, 3}, {5> 4}}
F2/ = {{OO, 2}: {17 3}a {0’ 4}a {5, a}, {a’ 6}}’
Fé = {{007 3}7 {27 a}) {a7 4}7 {1’ 5}) {07 6}}
B’ = {{00, 1}, {5, 6}, {2,4}, {0, o}, {, 3}}.
#€->T, Ko @ Dudeney & H Mo 5.
H = 2 {((X>7 07 27 57 47 37 67 17 a)’ (m, O, 4’ 3, ]‘7 67 a’ 5’ 2),
(00,0,6,1,5,2, 0, 4,3),(0,0,0,3,4,2,5,6,1)}

4. B8 1 BFOHEK

AELMEIL, n=p+112BF3 p IIEKTHB L VIRERITTL, pIHEEOTHE > 5
&35,

Gi(0<i<r) XK, D1HRFTHY, D={GoUG; |1<i<r} £BILE, DR
K, @ Dudeney ERTHHLTH. ZIT, G lI2TORELE L1 RFTHBLT5.

4.1 EH K, D 1HEF BiL, ROFHEHTLE, DICBHLTEGAIRTF TS LW,
(1) Go U B IX Hamilton cycle Th 5. '

(2) BIZ2TOEX 2R,

(3)IBNG;|>1(1<i<r).

B DFRIZ o ZALTTED Ky OEOESE B LEEX, B*=GoUB* &<
B% iX K,» @ circuit TH 5.

4.2 i S(DU{B*}) IX K» DEED 2-path &5 1 9 & 1 BT D5Ts.

e; = {2y} €EBNG; 1<i<r) &BXE, §3 LR,
Gi =G\ {{zs,us}} U {{z:, o}, {@,1u}} (1<i <),

B, = {{zla y1}7 Tty {mmyr}y {zr-f—l: a}, {aa errl}}
LEET D LRI SL0.

43 B n({GoUG, |1<i<r}U{GoUBY}) =n({GoUG: | 1<i<r}U{GoUB*}).

44 FE H=X({GoUG.|1<i<r}U{GoUBY}) X K, ® Dudeney £4Th 3.
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5. :E Dudeney £& S
n DEED 2-path 51 5 L 2 B9 >FTe Hamilton cycle DES%, K, ® _E
Dudeney EEL WS,
Dudeney ZE£EMFHETIULZE Dudeney A LHFET S (2 Ul 0T, B8k
D _E Dudeney £ DERBEIIBRESTH . TFHEIKRDE Dudeney E£AITOVWTI,
p BEEOL % K,y O Dudeney EAPHRENTVS [2. ZOHTE, 2 OTAF
TEROBICENLT S, Ziud, B 1 BFOIETHY, —ROFTEKR"E Dudeney
£EDERITESL oL Bbhs. :
Gi(0<i<p-1)Z K, D1KEFLTH. Do={GoUG; |1<i<p-1} LB %,
XD, ? K,, D& Dudeney 28 THB L T5H. ZIZT, Go II& “C@-Eé 2F0 1 K+T
HBHLT5H.

51 & B, By I3 K, D1 BFLT5. {By, B} BROFKMEMT L&, Dy IKBALT
BETHH L.

(1) Go U B1,Go U B, X Hamilton cycle TH 5.

(2) B; l&ToR&EERF2. (j=1,2)

3) {Zr+1,yr11} € By, {741,401} € By 6 € G (1< i <p—1) BFFELT,

B\ {{@r41, ¥r41} D) U (B2 \ {27410, ¥ 1) = {ea, -+, ep1}
DY LD, e =e; DR, EOEARVERITERLIADTEXS.
By, By DERKIZ a ZHALTTES K,y DEOERY, THEh By, By L EX,
B¥=GoUB% (j=1,2)
EB<L. By 1L Ky O circuit Th 5.
5.2 i L(D, U {Bf, Bg}) 1t Ky OFEED 2-path &5 1 H £ 2 @57,
§3,4 LFMRKIZ G} 1<i<p-1),B, (1<j<2) ZEETDL, KBV IO

5.3 EIB
H=2({GoUG; |1<i<p—-1}U{GoUB;} U{GoUB5})

X Kv @ ZH Dudeney 8 Th 5.
?B#ﬁ

X DFRICERL, BROKLTFKELEHERMABMILELY, AR TR L Z80R
v \7171% Lz 2T, EosrELET.
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